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Let G be a finite group having a normal p-Sylow subgroup P such that G/P 
is the direct product of two cyclic groups of orders e and f, both prime to p. 
Let k be a global field of characteristic p, containing the eth roots of unity, 
and S a finite set of primes of k. Then there exists a Galois extension L of k 
with Galois group G(L/K) isomorphic to G, such that the local Galois group 
G(L,/k,) g G for each v E S. This result, together with work of Fein and 
Schacher, yield the following. Let k be a global field of finite characteristic p, 
G a finite group. Then a necessary and sufficient condition that every division 
ring with center k and index equal to the order of G be a crossed product 
for G, is that k and G satisfy the hypothesis of the above theorem. 
Let k be a field, G a finite group. Following Fein and Schacher [I], we 
say that the pair (k, G) has Property A if every division algebra with center k 
and index equal to the order of G is a crossed product for G. In [l] it is 
proved that if k is a global field of characteristic not dividing the order 
of G then (It, G) has Property A if and only if G is the direct product of 
two cyclic groups C, and C, of orders e, f, respectively, and k contains 
the eth roots of unity; if k is a global field of finite characteristic p dividing 
the order of G, then a necessary condition that (k, G) have Property A 
is that G have a normal p-Sylow subgroup with factor group C, x C,, 
e and f prime to p, and k contain the eth roots of unity. In this paper we 
prove that the above condition is also sufficient, and thereby complete the 
determination of all groups G such that (k, G) has Property A, for k a global 
field. The following criterion [I, Proposition 5] will be used in the proof. 
Let k be a global field of characteristic p > 0, G a finite group. Then (k, G) 
has Property A if and only if, given a finite set S of primes of k, there exists 
a Galois extension L of k with Galois group isomorphic to G, such that 
the Galois group of L,/k, is also isomorphic to G, for each 71 E S, where 
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L, , K, denote the completions of L, k, respectively, with respect to V. (Note 
that if L/k is Galois, then the notation L, is justified.) 
Let us recall that a global field of characteristic p > 0 is a finite extension 
of a rational function field in one variable over a finite constant field, and 
that for each prime z, of K, the completion k, is isomorphic to the field of 
formal Laurent series in one variable over a finite field (the residue class 
field of v). In Section 1 we treat the case where G is a p-group and prove a 
theorem on embedding problems with prescribed local solutions, obtaining 
the main result for this case as a corollary. In Section 2 we prove some 
group-theoretic lemmas about free pro-p-groups. In Section 3 we prove 
that the finite groups in question are realizable over the completions k, . 
Finally, in Section 4 we prove the main result. 
1. ~-EXTENSIONS 
Let k be a field, K/k a finite Galois extension with Galois group G(K/k), 
1 + A -+ E -+f G(K/k) -+ 1 an exact sequence of finite groups. If G is 
the Galois group of the separable closure of k, then the embedding problem 
is to factor the natural restriction G -+ G(K/k) through f. Thus a solution 
is a (continuous) homomorphismg: G ---f E such thatfg = Res(G --f G(K/k). 
Clearly the fixed field of the kernel of g contains K and has Galois group 
isomorphic to the image of g. 
Let k be a global field, u a prime of k, V a divisor of o in K, k, , K, the 
respective completions. The global embedding problem defined above 
induces a local one, given by 1 + A -+ E, -ff G(K,/k,) 4 1, where 
E, =f-lG(K,/k,), and we identify G(K,/k,) with the decomposition 
group of V in G(K/k). W e d enote the restriction off to E, also byf. A global 
solution restricts naturally to a local solution, but in general surjectivity 
is not preserved. Suppose that a set S of primes of k is given, and at each 
u E S, a local solution g, is given in advance. (This of course presumes 
that they exist!) Then the given global embedding problem is called an 
embedding problem with prescribed local solutions, and a solution to it 
is a global solution g whose restriction at each u E S coincides with g, . 
(It is assumed that for each z1 E S, a divisor d of v in the separable closure k 
of k is chosen, which also divides the 1’ dividing v, and an identification 
of G(&/k,) with the decomposition group G, of v” in G(ff/k) is fixed, where 
6,. denotes the separable closure of k, . Then the restriction of g at v means 
the restriction of g to G, .) 
Let k now be a field of finite characteristic p, G the Galois group of its 
maximal (separable) p-extension. Then G is a free pro-p-group [2, Corol- 
laire 1, p. H-51. If k is a local field as well, then as is remarked in [1, p. 81, 
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G has infinite rank since there are infinitely many different conductors 
of cyclic extensions of degree p of k [3, p. 2051. It follows from this that 
if k is a global field, then G again has infinite rank. From here on we assume 
k is a global field of characteristic p. 
It follows from the preceding that not only is every finite p-group realizable 
as the Galois group of an extension of k (or k,), but something stronger: 
It is a result of Shafarevich [4] (see [5, 2.21) that every embedding problem 
over k (or k,) in which E is a p-group has a surjective solution. 
THEOREM 1. Let k be a global field of finite characteristic p, S a finite 
set of primes of k, and let there be given an embedding problem with prescribed 
local solutions at the primes of S, in which E is a p-group. Then there is a (not 
necessarily surjective) solution (that is, a solution to the global embedding problem 
which localizes to the given local solutions). 
Proof. We first reduce the proof to the case A z Z&Z. We may assume 
that A is a subgroup of E. As is well known, A intersects the center of E 
nontrivially, and hence contains a central subgroup B of order p. Factoring 
out B yields naturally a second embedding problem with prescribed local 
solutions in which E/B (or if one prefers, A/B) has smaller order. By induction 
we may assume there is a solution to this new problem, which in turn defines 
yet a third problem, given by the exact sequence 1 + B + E1 + G(L/k) ---f 1, 
where L is the fixed field of the kernel of the above solution to the second 
problem, and EI C E. It is straightforward to verify that a solution to the 
third problem is also a solution to the first. We assume therefore that A 
has order p, and is contained in the center of E. 
We already know that there is a (surjective) solution to the “simple” 
embedding problem (ignoring the prescribed local solutions). It follows 
from [6,2.4 and Sect. 3, Example l] that the existence of the desired solution 
is equivalent to the vanishing of an obstruction which lives in the cokernel 
of the map p: HI(G, A) -+ nVUES H1(G, , A), where IP(G, A) denotes the 
first cohomology group of (G, A), G acting trivially on A, and similarly 
for the pair (G, , A). (Note that since E is a p-group, the Galois group 
of the separable closure of k can be replaced by the Galois group G of the 
maximal p-extension of k.) For the existence of a solution it is therefore 
sufficient to prove that p is surjective. 
Since G acts trivially on A, H1(G, A) can be identified with Hom(G, h/p?& 
and H’(G, , A) with Hom(G, , Z/pZ). By the Artin-Schreier theory, these 
are canonically isomorphic to the additive groups k/Y(k) and k,/B(k,), 
respectively, where .9(x) = CP - x (see, e.g., [7, Chap. 6, p. 221). We are 
therefore reduced to proving the surjectivity of the map 
k - n k,l g(k,). 
IES 
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But [7, p. 321 B(K,) contains the maximal ideal m, of 
of K, . It therefore suffices to prove the surjectivity of 
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the ring of integers 
which is immediate by the Chinese Remainder Theorem. The proof is 
complete. 
The solution of the theorem is not necessarily surjective. However, 
in certain cases we may adapt a trick of Neukirch. Suppose that for some 
prime o in S, G(K,/k,) s G(K/k) and that, in addition, the prescribed 
local solution is surjective. Then clearly any global solution which localizes 
to this local solution is forced to be surjective. 
COROLLARY. Let k be a global field of finite characteristic p, S a finite 
set of primes of k, H a f%te p-group. Let there be given at each prime v of S 
a Galois extension KU of k, whose Galois group is isomorphic to a subgroup 
of H. Then there exists a Galois extension K of k with Galois group isomorphic 
to H and such that for each v in S, the completion K, of K at any divisor V 
of v in K coincides with KU. (The last assertion is understood in the following 
sense. For v E S fix an embedding of k into k, , as well as a separable closure 
k, of k, . KU is assumed to lie in k, . Given a prime V of K dividing v, every 
KU-embedding of K, into K”, has the same image. The assertion means that 
this image coincides with Kv.) 
Proof. Choose a prime v not in S and a Galois extension KU of k, with 
Galois group isomorphic to H. (Recall that such a Ku exists!) Add v to S 
and K” to the list of prescribed local extensions. For each v in S fix a mono- 
morphism G(KV/k,) + Hand denote the image by H, . Let A be a subgroup 
of H of order p contained in the center of H, A, = A n H, . 
Let us reformulate what we want to prove. For each v E S we are given 
a homomorphism g,: G, + H (the composition G, -+ G(K”/k,) + H) with 
image H, C H. We want to prove that there exists an epimorphismg: G --f H 
whose restriction to G, coincides with g, for each 21 E S. Let h, denote 
the composite of g, with the canonical map H, -+ H,/A, . By induction 
on the order of H there is an epimorphism h: G + H/A whose restrictions 
to the G, coincide with the h, . The g, are now local solutions to the global 
embedding problem given by 1 -+ A ---f H -+ G(K/k) -+ 1, where K is the 
fixed field of the kernel of h. By the theorem, there is a solution g: G --+ H 
which coincides with the g, on G, for each v E S. Since one of the g, maps G, 
onto H, g is surjective. Since the theorem is trivial when H = 1, the proof 
is complete. 
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2. GROUPS 
Let G be a free pro-p-group on d generators, d < co, and consider the 
p-central series {G,} defined by setting Gr = G, G,,, = G,n[G, , G], 
the closed subgroup of G, generated by the pth powers of elements of G, 
and commutators of elements of G, with elements of G. Each G, is a charac- 
teristic subgroup of G, the factors G(n) = G/G, finitep-groups, and G,/G,,, 
elementary abelian. If H is any finite p-group of rank <d such that H,, = 1 
(H, defined in the same way as G,), then H is a homomorphic image of 
G/G% . For proof of these and other facts used in this section, see [2, Sect. 41. 
Consider next the Hochschild-Serre exact cohomology sequence cor- 
responding to the short exact sequence 
1 -+ G,, --+ G ---t Gin’ --f 1, n > 1. 
It is 
0 w Hl(G(“‘) 2 HI(G) --% W(G,)” tg_ H2(G’“‘) L Hz(G), 
where Hi(X) = Hi(X, Z/pZ) d enotes the ith cohomology group of a group X 
over the module Z/&Z with trivial action, tg denotes the transgression map. 
01 is an isomorphism, and H2(G) = 0; hence tg is an isomorphism. H1(G,)c 
is the group of G-homomorphisms of G, into h/pZ and can therefore be 
canonically identified with Hom(G,/G,+, , Z&Z). If f E H1(GJG, then 
G/ker f is a central group extension of B/pE by G(n) and therefore determines 
a cohomology class in H2(G); this class is tg(f). 
Consider the Hochschild-Serre sequence corresponding to the short 
exact sequence 
1 -+ G,/G,,, -+ GIG,,, - GIG,, - 1, n > 1. 
It is 
0 + Hl(G’n’) e$ ffl(G’“+l’) 5 Hl(G,/G,+,)C 5 fP(G’“‘) z H2(Gtn+l’). 
Again a’ is an isomorphism, so /3’ is zero. Clearly, H1(G,/G,+JG g HI(G,,)G 
canonically, hence tg’ coincides with tg under this isomorphism and therefore 
tg’ is also an isomorphism. It follows that y’ is the zero map. The following 
is an immediate consequence. 
LEMMA 1. Let G’ be a central extension of Z/pZ by G(“), G” the pullback 
of ('$"+I) + G(Q) c G’, i.e., G” is the subgroup of GIn+l) x G’ consisting 
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of all pairs (x, y) E G(*+l) x G’ such that the images of x and y in G(n) coincide. 
Then the central group extension 
0 ---f H/pZ -+ G” --z G(n+l) --f 1 
splits, where G” + G(%+l) is the projection map. 
Proof. The cohomology class defining the latter group extension is 
easily seen to be the lift of the cohomology class defining the given extension 
hence it vanishes by the remarks preceding the lemma. 
DEFINITION. If G is a group, and M a G-module, then the action of G 
on M is called regular and M is called G-regular (or G-induced) if there 
is a subgroup N of M such that M = @{W: g E G), where @ denotes 
direct sum and Ng is the image of N under g. Similarly, suppose G is a 
free pro-p-group, and Q a group of automorphisms of G, we will call the 
action of Q on G regular and call G Q-regular if there is a basis of G whose 
elements are permuted among themselves by Q in such a way that the 
action of Q on each orbit is equivalent to the regular (Cayley) representation 
of Q (right or left, depending on notation; we will generally act on the right). 
LEMMA 2. Let G be a free pro-p-group, G, = Gp[G, G], Q a @site group 
of automorphisms of G. Suppose that the induced action of Q on G/G2 is regular. 
Then the action of Q on G is regular. 
Proof. Let x1 ,..., x E G such that the set {sia: 1 .< i < n, a E Q} is a 
basis of G/G, , where %< = XiG, . Since gii” = 2, it follows from Burnside’s 
Basis Theorem [4, p. I-371 that the set {xia: 1 < i < n, a E Q} is a basis of G. 
3. LOCAL FIELDS 
The following lemma plays a key role. 
LEMMA 3. Let k be the field of formal power series in an indeterminate t 
over a finite field F, of q = ps elements, p a rational prime. Let K/k be an 
abelian and tamely rami$ed extension of degree ef, where e andf are the rami$ca- 
tion index and residue class degree, respectively. Let Q be the Galois group 
of K/k, 9: K + K the Artin-Schreier map 9(x) = x9 - x. 
Then the Q-module K/B(K) contains Q-regular submodules of arbitrarily 
large dimensions (as vector spaces over the field F, of p elements). 
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PYOO~. Assume first that f = 1 (K/k totally ramified). Then without 
loss of generality we may assume K = k(N”) and that K contains a primitive 
eth root 5 of unity. By hypothesis, e + 0 (modulop). Write T = tlje and set 
x = 1 + T+ Tz+-‘-. 
Q is cyclic, generated by u, where TU = CT. Then 
Since det(pj), 0 < i, j < e - 1 is a Van der Monde determinant with 
distinct rows (or columns), the xUi are linearly independent over li and hence 
constitute a normal basis of K/K. It is clear that for any c E k, the elements 
cxu’ also form a normal basis of K/k. Let m < 0 and set y = PX = Temx. 
Then ordK(y) = em. We claim that the set {yUi: 0 < i < e - l} is inde- 
pendent modulo B(K), if m is sufficiently arge in absolute value. For suppose 
where 
z = C bjTj, b3EFq. 
j>d 
In fact, we will show that the coefficients (Y~ in (1) vanish, under the assumption 
that they lie in F,, provided that m is sufficiently arge in absolute value. 
Clearly, @(.a) # 0 since the yUi are independent over k hence over F, . We 
may therefore assume that b, # 0. Relation (1) after substitution becomes 
where 
and d’ 3 0 if d > 0, and d’ = pd if d < 0. Further, (2) implies that 
d’ > me. It is clear that aj = 0 if j < d and j + 0 (modulo p). If in addition, 
j > me, then (2) yields 
e-1 
z. ap = 0. (3) 
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It therefore suffices to show that if m is chosen sufficiently large at the outset, 
then each residue class modulo e contains an integer j such that 
(i) me < j < d, (ii) j + 0 (modulo p) 
for the validity of (3) for a complete set of residues j modulo e implies the 
vanishing of the cli. Choose m < -p”/(p - 1). Then the inequality 
pd >, me yields d - me > pe. Therefore the interval me < j < d contains 
for each Y = 0, I,..., e - 1, a j satisfying j = r (modulo e) and j = 1 
(modulo p), by the Chinese Remainder Theorem and the assumption that 
e + 0 (modulo p). 
We have shown that for m < 0 sufficiently large in absolute value, the 
set {yUi: 0 < i < e - l} with y = tmx, is independent modulo B(K). By 
a similar argument, we can show that if A is any subgroup of K such that 
{ord,(a): a E A} is bounded from below, then m can be chosen so that the 
set {yUf: 0 < i < e - l} with y = tmx, is independent modulo A + P(K). 
(One simply makes sure that L - me > pe as well as d - me > pe, where 
L = inf{ord, a: a E A}.) W e now observe that if, by induction, y1 ,...,yn 
are chosen so that the set (yyi: 0 < i < e - 1, 1 < j < n} is independent 
modulo 9(K), the subgroup A of K generated by this set has its values 
under ord, bounded from below, hence we can choose a yntl so that the set 
{Yi% 0 < i < e - l> is independent modulo A + B(K). It follows that 
the set {yj”<: 0 < i < e - 1, 1 < j < n + I} is independent modulo B(K). 
This completes the proof for the case f = 1. 
We turn now to the general case. Let L/k be the maximal unramified 
subextension of K/k. Then K/L is totally ramified as in the case discussed 
above. Since K/k is abelian, we have q = 1 (modulo e) so k contains the 
eth roots of unity. Then, k(T) = k(y) is a totally ramified Galois subextension 
of K/k, K = L * k(T), and L n k(T) = k. Thus the Galois group Q of 
K/k is the direct product of two cyclic groups generated by an element u 
of order e which acts trivially on L, and an element v of orderf acting trivially 
on k(T), respectively. 
Choose y = tmx as in the previous discussion. Let Y = qf, F, the field 
of r elements. Now L = F,. . k [S, p. 641. By the normal basis theorem 
[9, p. 2011 there exists w EF,. such that the set (wV*: 0 < i < f - 1} is 
independent over F, . We assert that the set ((wy)o: 0 E Q} is independent 
modulo B(K). Indeed, every cr E Q is of the form r&j, for unique i, j, 
0 < i <f- 1, 0 <j < e - 1, so, clearly, 
((wy~:o~Q}={~~~y~‘:O~i~f-l,O<j<e-11). 
Let there be a relation 
z QW’U(~U’ E B(K), aii E F, . 
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Setting 
we have 
As we proved in the case f = 1, this relation implies that all the & vanish. 
(Here we consider K as a totally ramified extension of L.) Now wvu( are 
independent over F, , hence all the olij vanish. By a similar argument, if 
yr ,..., yrr are chosen as in the case f = 1 so that they and their conjugates 
under the ui are independent modulo B(K), the set 
(w”%‘:O<i<f-1, o<i<e-1, l<h,<n} 
is independent modulo 9(K). The proof is complete. 
THEOREM 2. Let k be the field of formal power series in one variable t 
over the finite field F, of q elements. Let K/k be an abelian and tamely ramified 
extension of degree prime to p. Then given any positive integer n, there exists 
a p-extension L of K Galois over k such that the Galois group G(L/K) is a free 
pro-p-group of rank n * [K : k], and G(L/k) is the semidirect product of G(L/K) 
by G(K/k), where the action of G(K/k) on G(L/K) is regular. 
Proof. By Lemma 3, K/B(K) contains a G(K/k)-regular submodule M 
of dimension n * [K : k] over F, . By the Artin-Schreier theory, adjoining 
to K all elements x such that P(X) E M yields an extension L,/K, Galois 
over k, such that G(L,/K)^ is canonically isomorphic to M, where G(L,/K)^ 
denotes the character group Hom(G(La/K),Z/pZ). If we denote by (X/Y) 
any element y of L, such that 9(y) = x, then the mapping 
x w (u b (x/Pa), - (x/P)) 
defines the canonical isomorphism from M/B(K) to G(L,/K)^. It is easily 
verified that this is a G(K/k)-isomorphism, where the action of G(K/k) 
on G(L,/K)” is given by the following rule. If f E G(L2/K)“, u E G(K/k), then 
f”(u) = f(uuz-1) 
for CJ E G(L,/K), and where, in turn, the action of G(K/k) on G(L,/K) is 
given by the group extension 
1 -+ G(L$K) -+ G(L,/k) + G(K/k) + 1. (4) 
GALOIS GROUPS OF GLOBAL FIELDS 615 
Given a basis of M/P(K), we obtain a dual basis in G&/K). The iso- 
morphism determined by mapping the basis to its dual is an operator 
isomorphism with respect to a nonsingular operator u if and only if the 
matrix of u with respect to the given basis is orthogonal, as is straightforwardly 
verified. Since a permutation of the basis is such an operator, and M/.9(K) 
is G(K/k)-regular, it follows that G&/K) is G(K/k)-isomorphic to M/P(K), 
and hence G(K/k)-regular. Shapiro’s lemma [2, p. I-121 implies that the 
group extension (4) splits, even without the hypothesis that [K : k] is prime 
to p. The splitting also follows of course from the hypothesis that G(K/R) 
has order prime to p. 
By Lemma 2, it suffices to embed the extension&/k into a Galois extension 
L/k such that G(L/K) = G is a free pro-p-group of rank d, and so that 
under this isomorphism, L, is the fixed field of G, s Gp[G, G]. For this 
it suffices, in turn, for h = 2, 3 ,... to embed L,/k into a Galois extension 
Lh+Jk, such that for every h, G(L,/K) s G/G,, and the fixed field of 
G&+1 is L, . Since the Galois group of the maximal p-extension of K 
is a free pro-p-group of infinite rank, it follows from the remark preceding 
Theorem 1 that we can do this, except that the field Lh+l obtained is Galois 
over K but not necessarily over k. Hence suppose inductively, that L, is 
Galors over k, and that L,,, is not. Set L’ equal to the composite of the 
conjugates of Lh+l over k. Then G(L’/L,) is elementary abelian, since every 
conjugate of L,+l over k is elementary abelian over L, . Since G(L’/K) is 
the pullback of the Galois groups of L,,, and its conjugates over K, it is a 
central group extension of G(L’/Lh) by G(L,/K). If L’ f Lh+l , there would 
be a cyclic extension C/Lb of degree p contained in L’ such that C n Lh+l = 
L, . Then G(Lh+lC/K) splits as an extension of G(Lh+lC/Lh+l) by G(Lh+JK) 
by Lemma 1. It follows that L,+,C is the composite C’L,,, , where C’ is a 
cyclic extension of K of degree p, and since C’ $ L,,, , Lh+l n C’ = K. 
If Lh+lC f L’, there is another cyclic extension C, of L, in L’ such that 
C, n L,+,C = L, . Arguing as for C, L h+lC2 = Lh+lCp’, C,’ a cyclic extension 
of K. Clearly C, C, and L,,, are independent over K, i.e., the intersection 
of any one of them with the composite of the others is K. Continuing in 
this manner, we obtain an elementary abelian extension KY/K, K’ n Lh+l = K, 
KILh+l = L’. Since L, is normal over k by induction hypothesis, G(L’/L,) 
is normal in G(L’/k). Since G(L’/Lh) is also central in G(L’,/K), it becomes a 
G(K/k)-module under conjugation in G(L’/k). Consider the hth term of 
the p-central series of G(L’/K). By what we have shown, this term is precisely 
G(L’/L,K’) if h > 1, hence G(L’/L,K’) is a characteristic subgroup of 
G&‘/K) hence normal in G(L’/k). (It follows in particular that LhK’ is 
normal over k.) We may therefore look at G(L’/L,K’) as a G(K/k)-submodule 
of G(L’/LJ. By hypothesis, p does not divide the order of G(K/k), so by 
the theorem on complete reducibility [IO, p. 2531, G(L’/L,K’) has a com- 
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plement in G(L’/L,) which is necessarily of the form G(L’/L6+1), where 
L, CL;,, CL’, and Lk,, is normal over k. Furthermore, LL+,K’ = L’ and 
L;,, n L,K’ = L, . We compute G(LA+,/K). Li,, n K’ CL;,, n L,K’ = Lh 
hence L’ h+l n K’ CL, n K’ = K. Hence G(LA+,/K)g G(L’/K’) z G(L*+JK). 
The proof is complete. 
COROLLARY. Let K/k be as in the theorem, and let G be any finite group 
whose p-Sylow subgroup is normal with factor group isomorphic to G(K/k). 
Then K/k can be embedded into a Galois extension L/k with Galois group 
isomorphic to G. 
Proof. This follows from the fact that any finite p-group of rank n 
on which G(K/k) acts as a group of operators, is the operator-homomorphic 
image of a G(K/k)-regular free pro-p-group of rank n . [K : k]. The proof 
of this is the same as that of [l 1, Theorem I]. 
Remark. Theorem 2 also follows from the work of H. Koch. See his 
paper “Ueber die Galoissche Gruppe der algebraischen Abschliessung eines 
Potenzreihenkoerpers mit endlichem Konstantenkoerper” (Math. Nachr. 
35 (1967) 323-327). 
4. GLOBAL FIELDS 
THEOREM 3. Let k be a global$eld of finite characteristic p, e and f positive 
integers prime to p, and assume that k contains the eth roots of unity. Let H 
be a finite group whose p-Sylow subgroup G is normal, with factor group Q 
isomorphic to the direct product of two cyclic groups of order e and f, respectively. 
Let S be any Jinite set of primes of k. Then there exists a Galois extension L
of k with G(L/k) E H such that for each v E S, G(L,Ik,) g H, where L, , k, 
denote the completion of L, k, respectively, at v. 
Proof. For each v E S, let K,, be the (tamely ramified) extension of 
k, generated by the unramified extension of k, of degree f and by the eth 
root of a prime element t, E k, . Since k, contains the eth roots of unity, 
this is an abelian extension with Galois group isomorphic to Q. By 
Gruenwald’s theorem [7, Theorem 5, p. 1031 (see also [I]), there exists a 
Galois extension K/k with G(K/k) g Q w h ose completions coincide with 
K, at each z, E S. By Theorem 2, given a positive integer n, there exists 
for every v E S a p-extension L, of K, Galois over k, such that G(L,/K,) 
is a G(K,/k,)-regular free pro-p-group of rank n . [K : k]. Let us write 
G, = G(L,/K,), Gv,h the hth term of the p-central series of G, , L,,, its 
fixed field. Suppose h > 1 and L, is an extension of K Galois over k with 
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G(L,/K) g GIGI, and whose completion at each z? E S coincides with Los, . 
This is already true for h = 1 since L, = K. 
Taking K as ground field, consider the problem of embedding the extension 
LJK mto a Galois extension L,,, /K such that G(Lhfl/K) s G/G?,+, and 
the completions of Lr,+l at each v E S coincide with Lu,k+l . By Theorem 1, 
and the remark following it, such an extension Lh+l exists. Suppose we can 
show that L,,, can be chosen so that it is also normal over k. Then, the 
union (direct limit) of the L, is a Galois extension L of k such that G(L/K) 
is a G(K/k)-regular free pro-p-group. As remarked in the proof of Theorem 2, 
every group H of the type specified in the theorem is a factor group of 
G(L/k), and by the construction, the corresponding subfield M with 
G(M/k) g H has, for each v E S, its completion M, with G(M,/kv) z H. 
For every H is the homomorphic image of Q G/GIL for some sufficiently 
large H, hence MC L, . Since [Lveh : k,] = [L, : k] it follows from the 
inequalities [L,,, : MJ < [Lh : M] and [M, : k,] < [M : k] and the degree 
theorem, that 
[Mu : k,] = [M : k], 
which suffices, and the proof would be complete. 
We consider first the case h = 1. Let v E S. Since G, = G(L,/K,) is 
G(KJk,)-regular, so is G,/G,,, s G(L,,,/K,). Thus as we saw in the 
proof of Lemma 3, the extension L,,,/Ku is generated by the solutions of 
a set of equations P(X) = xv - x = zi(v), 1 < i < n, where the zi(v) E K, 
and they and their conjugates under G(K,/k,) form an independent set 
modulo S(K,). For each i, there exists an element zi E K such that zi is 
close to xi(v) for each v E S, by the Approximation Theorem [3, p. 91 and 
since :B(K,) contains the maximal ideal m, of the integers of K, [S, p. 321 
or [3, p. 2041, zi = zi(v) modulo 9(K,) f or each v E S. The elements 
zi ,..., z, and their conjugates under G(K/k) are clearly independent modulo 
B(K) since .9(K) C B(K,), so they generate a G(K/k)-regular submodule 
of K/P(K) of dimension 71 . [K : k]. The corresponding extension L, is 
clearly Galois over k with the desired Galois group, and its completions 
at each v E S coincide with L,,, . This completes the case h = 1. 
Suppose now that h > 1. We may assume then, that L, is already con- 
structed with the desired properties and that L, is embedded into an extension 
L h+l which is Galois over K with Galois group G/Ghfl and whose comple- 
tions at each v E S coincide with Le,h+l . Let L’ be the normal closure of 
L h+l over k. If we fix one k-embedding of Lh+l into Lu,k+l and follow it by 
the [Le,h+l : k,] distinct automorphisms of Lu,h+l/kv, we obtain the same 
number of distinct k-embeddings of L,,, into Lv,h+l. But these are then 
all of the k-embeddings of L,,,, into the algebraic closure of k, . If we now 
start with any conjugate of Lh,.l over k, map it k-isomorphically to L,+l 
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and apply the above embeddings into Lv,hfl , we conclude that the completion 
of each conjugate of Lh+r over k is Lvsh+l . It follows that the completion 
L,’ of L’ at v is L,,h+l , for each v E S. 
We proceed exactly as in the proof of Theorem 2. Using Lemma 1, we 
find a subfield Li,, of L’ containing L, , Galois over k, with G(LA+,/K) E 
GIG,, 1 It remains to determine the completion of L,‘,, at each w E S. 
The completion Lk+,,, of LA,, at v contains L,,, , so the isomorphic image 
WG+,IK) of G(G+I,, /K,,) in G(Lk,/K) maps onto G(L,/K) under restric- 
tion. But h > 1, so the restriction of G,(Li+,/K) to L, is all of G(L,/K) g 
W-5 - By Burnside’s Basis Theorem, G,(LA+,/K) is the whole group 
G(L;+,/K). Thus 
K+1,u : &I = [-L.h+l :f$l 
and since Li,,. L’ C L1.,h+l (the completion of L’ at v), we have Lk,,,, = Lv,h+l 
as desired. The proof is complete. 
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